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Chapter Outline

1. Recursive Functions (Godel)

2. Post Systems

3. Rewriting Systems

4. Other models:

• register machines (more similar to a conventional computer)

• Church’s lambda-calculus formalism correctly embodied the
concept of effective process or method.

•
5. Uncommon variations

• oracle-machines

• Quantum computation

•
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The whole picture is shown in Figure 1:
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Figure 1: The whole picture.
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A brief history of mathematics:

Calculus was invented in the 17th centuries by Isaac Newton
(1642-1727) and Gottfried Wilhelm von Leibniz (1646-1716).

(Leibniz proposed the metaphysical theory that we live in the best
of all possible worlds.)

In the early 20th century, mathematicians become interested in the
rigorous study of the foundation of mathematics. The main
concern is

how to guarantee the proof we wrote is correct.

To answer this question, mathematics is formalized with axioms
and inference rules for logical deduction. With these formal
systems, mathematics can be checked in a mechanical way.
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Two issues with formal systems is

Consistency For every proposition p, p and ¬p cannot be
deduced simultaneously.

Completeness For every proposition p, either p or ¬p can be
deduced.

In 1931, Kurt Godel published the Incompleteness Theorem, which
says that, in every interesting consistent axiomatic systems (of
mathematics), there are propositions that cannot be deduced.

Left unanswered is the question whether the provable propositions
can be somehow distinguished from unprovable ones so that there
is still hope that most of mathematics would fall into the provable
part and can be made precise with mechanically verifiable proofs.
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Turing machines are published in 1936, not intended for the study
of digital computers, but for the study of the foundation of
mathematics.

The Entscheidungsproblem (decision problem) posed by
Hilbert: “Was there a method by which it could be
decided, for any given mathematical proposition, whether
or not it was provable?” Turing was defining the term
“method” in terms of Turing machines. Turing found, and
justified on very general and far-reaching grounds, a precise
mathematical formulation of the conception of a general
process or method.

The Princeton logician Alonzo Church had slightly outpaced
Turing in finding a satisfactory definition of what he called
“effective calculability.”
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Other models of computation include

• Church and Kleene’s recursive functions

• Post systems

Church-Turing Thesis: These computation models are
equivalent in terms of computability.

A function is said to be “effectively calculable” if its values
can be found by some purely mechanical process. Although
it is fairly easy to get an intuitive grasp of this idea, it is
nevertheless desirable to have some more definite,
mathematically expressible definition. Such a definition
was first given by Godel at Princeton in 1934... These
functions were described as “general recursive” by Godel...
Another definition of effective calculability has been given
by Church...who identifies it with lambda-definability. The
author [i.e.Turing] has recently suggested a definition
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corresponding more closely to the intuitive idea... It was
stated above that “a function is effectively calculable if its
values can be found by a purely mechanical process.” We
may take this statement literally, understanding by a
purely mechanical process one which could be carried out
by a machine. It is possible to give a mathematical
description, in a certain normal form, of the structures of
these machines. The development of these ideas leads to
the author’s definition of a computable function, and to an
identification of computability with effective calculability.
It is not difficult, though somewhat laborious, to prove
that these three definitions are equivalent. (Turing’s Ph.D.
dissertation, 1939)

This thesis implies that there are functions that cannot be
expressed in any way that gives an explicit method for their
computation. Or equivalently, no more powerful models can be
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found.
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§13.1 Recursive Functions

(N.B. Recursive functions and recursive (or recursively enumerable)
languages are distinct concepts. Do not confuse them.)

A function is an association that links every value in the domain to
a value in the range.

Some functions may be defined with a recipe of computation that
computes the associated value (in the range) from a value (in the
domain). A recipe is subject to mechanical computation.

We may ask the class of functions that can be written in a recipe.
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A function is a special kind of a relation. Sometimes this relation
may be written as a recipe of computation. For example, the
function

g(n) =def n2 + 2n + 1

defines a relation with a recipe of computing g(n) from n. On the
other hand, the function

f(n) =def the nth prime number

defines a relation between n and f(n). This definition did not tell
us how to compute f(n) from n.

We are asking how far we may go with a recipe-like definition.

First we need to clarify the operations that are allowed in a recipe.

Definition. We consider only the domain of non-negative integers I.
A primitive recursive function is defined from three kinds of basic
functions and two kinds of combinations.
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Basic functions.

zero function zero(x) =def 0, for all x ∈ I.

successor function succ(x) =def x + 1, for all x ∈ I.

projection function projk
i (x1, x2, . . . , xk) =def xi, for any

k-tuple < x1, x2, . . . , xk > ∈ Ik, where k ≥ i ≥ 1.

Combinations.

composition (or substitution) Define f(x1, x2, . . . , xn) =def

h(g1(x1, x2, . . . , xn), g2(x1, x2, . . . , xn), . . . , gk(x1, x2, . . . , xn)),
where n ≥ 1, k ≥ 1 and h, g1, g2, . . . , gk are primitive recursive
functions.

primitive recursion Define

f(x1, x2, . . . , xn, 0) =def g(x1, x2, . . . , xn)

f(x1, x2, . . . , xn, succ(y)) =def h(x1, x2, . . . , xn, y, f(x1, x2, . . . , xn, y))
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where n ≥ 1 and g and h are primitive recursive functions.

Definition 13.1. A function is called primitive recursive if it can be
constructed from the basic functions by a succession of composition
and primitive recursion.

Example. The constant function “f(x) =def 1” is primitive
recursive, which could be defined as follows:

f(x) =def succ(zero(x))

The constant function “g(x) =def 2” is primitive recursive, which
could be defined as follows:

g(x) =def succ(f(x))

Similarly for other constant functions.
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The constant function “h(x) =def x + 2” is primitive recursive,
which could be defined as follows:

h(x) =def succ(succ(x))

Similarly for other functions that add a constant to the parameter.

The identity function “id(x) =def x” is primitive recursive, which
could be defined as follows:

id(x) =def proj1
1(x)

Example 13.1. Addition is primitive recursive, as follows:

add(x, 0) =def id(x)

add(x, succ(y)) =def h(x, y, add(x, y))

where h is defined as follows:

h(p, q, r) =def succ(proj3
3(p, q, r))
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Example 13.2. Multiplication is primitive recursive, as follows:

mul(x, 0) =def zero(x)

mul(x, succ(y)) =def h(x, y,mul(x, y))

where h is defined as follows:

h(p, q, r) =def add(proj3
1(p, q, r), proj3

3(p, q, r))
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Example 13.3. The ppred function is primitive recursive, as follows:

ppred(x, 0) =def zero(x)

ppred(x, succ(y)) =def proj3
2(x, y, ppred(x, y))

The pred function is primitive recursive, as follows:

pred(y) =def ppred(id(y), id(y))

The subtr function is primitive recursive, as follows:

subtr(x, 0) =def id(x)

subtr(x, succ(y)) =def h(x, y, subtr(x, y))

where h is defined as follows:

h(p, q, r) =def pred(proj3
3(p, q, r))

Integer division can be defined similarly.
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Note that if the functions h, g, g1, . . ., gk are total, then the
functions obtained from composition and primitive recursion are
also total. Furthermore, the basic functions are all total. Therefore,
all primitive recursive functions are total.

Intuitively, p.r. functions are computable. We may construct
Turing machines for them.

Most common functions are p.r. However, some are not.

Theorem 13.1. Let F denote the set of all functions from I to I.
Then there is a function in F that is not p.r.

Proof. Use diagonalization.

Every p.r. function can be written in a finite string. There
are a countable number of such strings. Hence, there are
only a countable number of p.r. functions.

Now assume that F is a countable set. We can list all
members of F : f1, f2, f3, . . .. Now we define yet another
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function: g(i) =def fi(i) + 1. g is well defined and is a
member of F . However, clearly g 6= fi, for every i. This
contradiction proves that F is not countable. Therefore,
there are functions in F that are not p.r. 2

Actually, this theorem can be strengthened: there are total
computable functions that are not p.r.

Note that primitive recursion may be written as

f(x1, x2, . . . , xn, z) =def

if z = 0 then g(x1, x2, . . . , xn)

else let z = y + 1 in h(x1, x2, . . . , xn, y, f(x1, x2, . . . , xn, y))
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Theorem 13.2. Let C denote the set of all total computable
functions from I to I. Then there is a function in C that is not p.r.

Proof. We have already proved that the set of all p.r.
functions is countable. We want to show that C is not
countable.

Assume C is countable. We may all members of C:
r1, r2, r3, . . .. Define yet another function:
g(i) =def ri(i) + 1, for every i. g is obviously total and
computable and hence is a member of C. Furthermore,
g 6= ri, for every i. This contradicts a previous result,
which say that the above list includes all members of C.
Thus, C cannot be countable. 2

Note that all p.r. functions are members of C. But we do not need
this fact in the above proof.

We will show a computable function that is not p.r.
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Ackermann’s Function

Consider

A(0, y) =def y + 1

A(x, 0) =def A(x− 1, 1)

A(x, y + 1) =def A(x− 1, A(x, y))

Intuitively, this function is total and computable. However, we can
show that this function is not p.r.

The proof is by examining the growth rate. There is a limit to the
growth rate of p.r. functions as i →∞. However, Ackermann’s
function grows extremely fast and violates the limit of the growth
rate of p.r. functions. Hence, Ackermann’s function is not p.r.

Theorem 13.3. Let f be any p.r. function. Then there exists some
integer n such that A(n, i) > f(i), for all i = n, n + 1, . . ..

Proof. Tedious. 2
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We need to extend p.r. functions to include other computable
functions like Ackermann’s function.

We add the minimization operation µ: for a total function g,

µy(g(x1, x2, . . . , xn, y)) =def the least y, if any, such that
g(x1, x2, . . . , xn, y) = 0.

Example 13.4. Let g(x, y) =def x + y − 3, which is a total function.

If x ≤ 3, then y = 3− x is the result of minimization. When x > 3,
there is no y ∈ I that makes x + y − 3 = 0. Therefore,

µy(g(x, y)) =def 3− x for x ≤ 3

=def undefined for x > 3

Note that µy(g(x, y)) is a partial function.
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Though the µ operator introduces partial functions, it also
introduce more total computable function.

Definition. A function is µ-recursive (or simply recursive) if it can
be constructed from the basic functions by composition, primitive
recursion, and minimization.

Theorem 13.5. A function is µ-recursive if and only if it is
computable.

The µ-recursive functions are thus another model for algorithmic
computation.
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§13.2 Post Systems
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§13.5 Uncommon Variations:

• Turing defined oracle-machinesas Turing machines with an
additional configuration in which they “call the oracle” so as to
take an uncomputable step. An oracle is infinitely more
powerful than anything a modern computer can do, and
nothing like an elementary component of a computer.

• Quantum computation, using the evolution of wave-functions
rather than classical machine states, is the most important way
in which Turing machine model has been challenged.

25



Index
µ-recursive function, 23

Ackermann’s function, 21

minimization, 22

Post system, 24
primitive recursive function, 14

25-1


